CHUYEN BE 4: CHUNG MINH HAI POAN THANG BANG NHAU
1. Kién thtc co ban:
Phuong phép 1: Chimng minh hai doan thang c6 ctng do dai (theo ctng don vi do chiéu
dai).
Phuong phap 2: Chirng minh hai doan thang ciing bang doan thang tht ba thi bang nhau.

Phuong phap 3: Chirng minh cic doan thang bang nhau 1a cac canh cua cac tam giéc, tir
giac dac biét (hinh dac biét), tam giac bang nhau.

Vi du: Hai canh bén cua tam giac can thi biang nhau, céc canh cua tam giac déu thi bang
nhau, hai canh bén cua hinh thang cén, cac cap canh ddi cua hinh binh hanh, hinh chit
nhat, hinh thoi, hinh vudng thi bing nhau.

Phuong phap 4: Chirng minh ti s6 d6 dai cia cac cap canh can ching minh luon dat gia
tri bang 1.

Phuong phép 5: Str dung dinh nghia, tinh chat cua:

Trung diém, trung truc cia doan thang.

Puong trung tuyén, dudng trung binh, duong trung truc, ... trong tam giéc.
Puong chéo cua hinh binh hanh, hinh chi nhat, hinh thoi, hinh vuong, ...
2 diém, 2 doan thang d6i xtmg qua 1 diém, 1 truc.

Phuong phap 6: Ching minh hai tam giac cé cung dién tich vai cac duong cao, canh day
tuong ung.

Phuong phap 7: Sir dung tinh chat cia day cung va tiép
tuyén véi duong tron.

2. Bai tap ap dung:

Bai tap 1: Cho duong trong (O) duong kinh, day CD
khong cat duong kinh AB. Goi H va K theo thir ty 12
chan cac dudng vudng goc ké tir A va B dén CD.
Chutng minh rang: CH = DK.

Churng minh

Theo gia thiét, ta c6: AH-L- CD va BK L+ CD nén AH // BK.

Suy ra: AHKB la hinh thang.

Ké OM L CD tai M suy ra MC = MD (t/c dudng kinh va day cung) (1)

Xét hinh thang AHKB ¢6 OA = OB =R; OM // AH // BK (cung vudng goc véi CD)
OM la duong trung binh cua hinh thang



Suy ra MH = MK (2)
Tur (1) va (2), ta c6: CH = DK.

Bai tap 2: Trong hinh vudng ABCD va nira duong tron duong kinh AD va vé cung AC
ma tam 1a D. Néi D véi diém P bét ky trén cung AC, DP cit nita dudng tron duong kinh
AD ¢ K. Ching minh PK bang khoang cach tir P ¢én AB.

Chang minh

Ké PI-L AB.

Xét tam giac APK va tam giac API:
tam giac APK vudng tai K

(Vi AKD =90°g6c noi tiép chin nita duong tron A | B
duong kinh AD)

tam giac ADP céan tai D

Suy ra AD = DP i
Suy ra P, =DAP K
Mat khac: 5 A

P, =DAP (So le trong vi AD // PI)
Do do: P =P,

Suy ra tam giac APK = tam giac API (c6 chung canh huyén va mét cap goc nhon bang
nhau)

Suyra PK =PI.
Bai tap 3: Cho hinh thang ABCD (AB// CD) c6 ACD = BDC. Chang minh rang: AD =
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Goi E 1a giao diém cua AC vao BD

Xét tam giac ECD c6: D, =C, (do ACD=BCD)
tam giac ECD la tam gi&c can.

SuyraED =EC Q) B

Do B, =D, va A, =C, (so le trong)

Ma C, =D, tam giac EAB la tam giac can.

Suyra: EA=EB (2)



Tur (1) va (2), suy ra: AC = BD.
Hinh thang ABCD c6 hai dudng chéo bang nhau nén 12 hinh thang can.
Suyra: AD = BC.

Bai tap 4: cho hinh binh hanh ABCD. Goi E, F lan luot 1a trung diém cua AD, BC.
Chtng minh rang: BE = DF.

Chang minh

Ta co: DE=%AD,BF=%BC

Ma AD = BC (hai canh déi cua hinh binh
hanh ABCD)
Suy ra DE = BF.

Mat khéc: DE // BF. Suy ra EBFD Ia hinh
binh hanh.

Viy BE = DF.

Bai tap 5: Cho hinh binh hanh ABCD. Goi |,
K lan luot 14 trung diém cia CD, AB. Pudng
chéo BD cat Al, CK theo thtr tu tai M, N.
Chung minh rang: DM = NB.

Chang minh

Tu giac AICK cé: AK //ICvaAK = IC
Suy ra tir giac AICK la hinh binh hanh.
Suy ra Al // CK.

Tam gidc DCN cé IC =ID vaIM // CN.

Suyra: DM = MN (1)
Tam gidc BAM c6: BK = KA va KN // AM.
Suy ra: MN = NB (2)

Tur (1) va (2), suy ra: DM = NB.

Bai tap 6: Cho tam gidc ABC can tai A.Trén tia d6i cua tia BC lay diém M, trén tia ddi
cua tia CB lay diém N sao cho BM= CN.

a) Ching minh: AM = AN.

b) Ké BH-L AM (He AM), CK L AN (K € AN). Chitng minh: BH = CK.
c) Chirng minh: AH = AK.

Churng minh



a) Tam giac AMB céan

Suyra ABC=ACB

Suy ra ABM = ACN(=180°" + ABC)
Tam giac ABM va tam giac ACN co:
AB = AC (gia thiét)

ABM = ACN (ching minh trén)
BM = CN (gia thiét)

Suy ra tam giac ABM = tam giac
ACN (c.g.c)

Suy ra M =N = AAMN cén tai A suy
ra AM = AN

tam gidc AMN can tai A suy ra AM = AN

b) Xét tam gidc HBM va tam gidc KNC c6: M =N (theo céu a)
MB = CN

Suy ra tam giac HMB = tam giac KNC (ch —gn)

Suy ra NK = CK.
c) Theo cau a) tacé AM = AN (1)
Theo chang minh trén: HM = KN (2)

Tu (1), (2) Suy ra HA = AK.
3. Bai tap tu luyén:

Bai tap 1: Cho hinh vuéng ABCD. Ké AC cit BD tai H. LAy hai diém E, F lan luot
thudc AD, BC sao cho AE = CF, AF cat HB tai |. Goi M 1 trung diém cua IB. Chung
minh: AE= IM.

Bai tap 2: Cho tam gidc ABC c6 AP la phan gi4c. Trén nira mit phang b BC chira dinh
A, V& tia Px sao cho goc CPx bang goc BAC. Tia nay cit AC ¢ E. Chitng minh rang: PB
= PE.

Bai tap 3: Goi P 1a diém nam trén duong tron (O) ngoai tiép tam giac ABC. Ha cac
duong vudng goc PA1, PB1, PC1 xubng cac canh BC, CA, AB.

a) Ching minh rang A1, B1, C1 thang hang.

b) Goi H Ia tryc thm caa tam giac ABC. Puong thang A1B1C1 cit PH tai I. Chting minh
IP = IH.



Bai tap 4: Dung phia ngoai tam gidc ABC cac tam giac déu ABD va ACE. V& hinh binh
hanh EADF. Chitng minh BCF 1a mét tam giac déu.
Bai tap 5: Cho 3 diém A, B, C thiang hang theo thi tu d6. Ly AB va BC la canh dung
hai tam gi4c ¢éu ABE va BCF nam vé ciing mét phia bd AC. Goi I va J 1a trung diém cua
AF va CE. Chirng minh rang:
_EF

2

1J

Bai tap 6: Cho tam gidc ABC va (I) 1a duong tron noi tiép tam giac ABC. Céc tiép diém
trén cac canh BC, CA, AB lan luot 1a A1, B1, C1. Goi E 1a diém déi xtng cua B qua ClI,
F la diém di xting cua B qua Al. Chiang minh rang BE=B,F.

Bai tap 7: Cho dudong tron (O) va duong thang d khdng cat duong tron (0). Goi A 1a hinh
chiéu cua (O) trén d. Qua A ké maot cat tuyén cat (O) & B va C. Hai tiép tuyén cuaa (O) tai
BvaCcatd o EvaF.

Chtirng minh: AE = AF.

Bai tap 8: Cho duong trong (O) dudng kinh AB, day CD cit duong kinh AB tai G. Goi H
va K lan luot 13 hinh chiéu caa A va B trén CD. Chitng minh rang: CH = DK.

Bai tap 9: Cho tir gidc ACBD ndi tiép duong tron dudng kinh AB. Chirng minh rang hinh
chiéu
vudng cua cac canh ddi dién cua tir giac trén duong chéo CD bang nhau.
CHUU NEA 5

CAUC GOUC BAENG NHAU
1. Kién thtrc co ban:
Céc phuong phap ching minh hai goc bang nhau:
Phuong phap 1: Hai goc c6 cling mot s6 do thi bang nhau.

Phuong phap 2: Hai goc cua hai tam giac bang nhau hozc hai tam giac dong dang, hai
goc cua tam

giac can, déu; hai géc cua cing mot ddy trong hinh thang can, hai goc déi cua hinh binh
hanh, ... thi bang nhau.

Phuong phap 3: Hai goc cung bang mét goc thi 3.
Phuong phap 4: Tia phan giac chia mot goc thanh hai phan bang nhau.
Phuong phap 5: Cac goc so le trong, dong vi, ddi dinh, ...

Phuong phap 6: Cac goc ndi tiép cuing chan mét cung trong mot duong tron thi bang
nhau.

Phuong phéap 7: T giac noi tiép c6 goc ngoai bang goc ddi trong.



Phuong phap 8: Sir dung ham s luong giac: sin, cos, tan va cot.

Bai tap 1: Cho hai dudng tron (O) va (O’) cit nhau tai A va B. V& duong kinh AC va AD
cta (O) va (O°). Tia CA cat duong tron (O) tai F, tia DA cit duong tron (O) tai E.
Churng minh: AFC=EDC

Chang minh
Ta co:

CED = 90° (g6c noi tiép chin nira duong
tron (O))

CFD =90°(g6c noi tiép chin nira duong
tron (O")

Suy ra CED = CFD(90°)

Hai dinh E, F cung nhin canh CD mét goc
bang 90°.

Suy ra tt giac CEFD noi tiép.
EFC =EDC (cling chan EC).
Bai tap 2: Cho hinh vudng ABCD ¢6 dinh. E 1a diém di dong

trén canh CD (khac C va D). Tia AE cat duong thang BC tai F. Tia Ax vudng goc voi
AE tai A cit duong thang DC tai K. BD cat KF tai I.

a) Chiang minh: CAF=CKF ’ ]
b) Chtng minh: IDF=IEF "

c) Chirng minh: tam giac KAF vuéng can. ) D "
a) Taco: KAF=90°(AK L AF) va KCF=90° | E LF

(ABCD la hinh vuéng)

Suy ra: KAF = KCF(=90°)

Hai dinh A, C cing nhin doan KF mét goc bang 90°.
Suy ra: Tt giac ACFK nai tiép.

Suy ra CAF=CKF

b) Tu gidc ACKF nai tiép nén ta co:

AFK = ACK ma AFK =45’,BDC =45’ (la hinh vuéng)
Suy ra: AFK =BDC(45°)

Do d6: Tt giac IDEF noi tiép (Vi goc ngoai bang goc trong cua dinh di dién)



Suy ra IDF = IEF
c) Tam giac AKF vubng tai A (gia thiét), ta co:
AFK =45’suy ra AKF =45’ suy ra tam giac KAF vudng can tai A.

Bai tap 3: Cho tam gidc ABC c6 ba gc nhon néi tiép duong tron (O; R). Hai dudng cao
BE va CF cét nhau tai H.

a) Chung minh tir gidc BFEC noi tiép noi tiép duoc duong tron.

b) Hai tia BE va CF cat duong tron (O) lan luot tai M va N. Ax Ia tiép tuyén tai A.
Chang minh xAN = ANM

¢) Chirng minh: MNC =EFC.
Chang minh

a) Tu giac BFEC co:

BFC = 90°(CF la duong cao)

BEC = 90° (BE la dudng cao)

Hai dinh F, E cung nhin canh BC mot goc
bang 90°.

Suy ra tu giac BFEC noi tiép.
b) Vi Ax la tia tiép tuyén cua (O).
Suy ra: AO 1 Ax.

Va xAN = ACN (1) (g6c tao boi tiép tuyén va day cung vai goc noi tiép cing chin
mot cung).

Ta c6: ANM =ABM (cung chin AM)

Va ABM = ACN (cling chan EF)

Suyra ANM=ACN (2)

Tir (1) va (2), suy ra: xAN =ANM . (diéu phai chizng minh)
¢) Ta c6: MNC =MBC (gbc ndi tiép chin nira duong tron)
Va EFC = MBC (tt giac BFEC noi tiép)

Suy ra; MNC = EFC. (diéu phai chiing minh).

Bai tap 4: Cho tam giac ABC c6 3 g6c nhon noi tiép duong tron (0). M 1a diém thuoc
cung nho AC. V& MH - BC tai H, MI L AC tai I.

Chung minh: IHM =I1CM



Chang minh

Xét tir gidc MIHC, c6:

MIC = 90°(MI L AC)

MHC =90°(MH L BC)

Hai dinh I, H cting nhin doan MC mét goc bang 90°.
Suy ra t giac MIHC nai tiép.

Suy ra IHM =1CM (cuing chan MI)
Bai tap 5: (Dé thi HSG 12 tinh Pong Nai 2013 - 2014)

Cho tam gi4c ABC nai tiép duong tron (O)
c6 AB <BC < AC va ABC la goc nhon.
Puong tron (1) noi tiép tam giac va tiép xtc
v6i BC tai D. M, N lan luot 1a giao diém cua
hai duong thang AO, Al véi (O). Biét A
khong trung vai M va N. Chitng minh:

IND =IMO.

Chang minh
Goi T la giao cua ON va BC.

Dé chirg minh duoc:

a
IN=BN=_DO/ - 2 _ @
COSNBC 05 2c0s™
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Mat khéc, ta cd: DIN =IAM(=IMO)

Suy ra: ADIN ~AIAM

Suy ra IND ~ IMO. (diéu phai chitng minh)
3. Bai tap tu luyén:

Bai tap 1: Cho tam gidc ABC, trén canh AB va AC lan luot lay hai diém D va E sao cho
BD = CE. Goi M va N lan luot 13 trung diém cua BC va DE. Puong thang qua M va N
lan luot cat AB va AC tai P va Q. Chang minh ring: MPB=MQC.



Bai tap 2: Cho D 14 trung diém cua doan thang AM. Trén cling nira mit phang bo AM ta
V& nira duong tron dudng kinh AM va ntra duong tron dudng kinh AD. Tiép tuyén tai D
ctia dudng tron nho cit nira duong tron 16n tai C va cac tiép tuyén tai C va A cua dudng
tron 16n cat nhau tai B. Néi P bat ki trén cung nhd AC véi diém D cat nia duong tron
nho tai K. Chtrtng minh rang: AP 1a phan giac cua BAK..
Bai tap 3: Cho hinh vudng ABCD canh a. E 1 diém nam giira A va B, duong thang CE
cat duong thang AD tai K. Qua C ké duong thang vudng goc véi CE, cat AB tai .
a) Chung minh rang: Trung diém cua IK di dong trén mot duong thang cb dinh khi E di
dong trén doan AB.
b) Cho BE = x. Tinh BK, CK, IK va dién tich ti gidc ACKI theo a va x.
Bai tap 4: Cho tam giac ABC véi A <90°, ¢6 AB < AC ndi tiép trong duong tron tam O.
V& duong cao AH va ban kinh OA. Chitng minh rang

OAH=B-C.

Bai tap 5: Cho hai duong tron (O1) va (02) cat nhau ¢ A va B (O1 va O2 thudc hai nia
mat phang bo AB). Qua A ké cét tuyén cat duong tron ¢ (O1) ¢ C, cat duong tron (02) &
D. CAc tiép tuyén cua hai dudng tron ké tir C va D cit nhau & |. Chirng minh rang khi cat
tuyén CAD thay d6i thi:

a) CBDkhong doi

b) CID khong doi

Bai tap 6: Cho hinh binh hanh ABCD, P & trong hinh binh hanh sao cho PAB=PCB.
Chuang minh rang: PBA = PDA.

Bai tap 7: Cho hinh binh hanh ABCD, trén BC va CD lay 2 diém twong tng la M va N
sao cho BN=DM. Goi I 14 giao diém ctia BN va DM. Ching minh: AID = AlIB.

Bai tap 8: Cho (0,) va (0,) tiép xdc trong véi nhau tai A. Diém C thugc (O,). Ké tiép
tuyén cua (O, ) tai C cat (0,) tai B va D. Chitng minh: BAC = CAD.
Bai tap 9: Cho hinh binh hanh ABCD va diém P nim ngoai hinh binh d6 sao cho

PAB = PCBd6ng thoi A va C khéc phia véi duong thang PB. Qua A vé dudng thang Ax
/IDP, qua P v& dudng thang Py // AD hai duong thang nay cit nhau & Q.

a) chang minh ti giac ABPQ ndi tiép.
b) Ching minh: APB=DPC.

Bai tap 10: (NK 2006 — 2007 CD) cho tam giac ABC nhon, c6 truc tam H. Cac duong
thang BH va CH lan luot cat AC, AB tai M, N. Biét: NHM =120°

a) Chting minh: AMN = ABC. Tinh: %.



b) Tinh: 28
BC
CHUU NEA 6
CHOUNG MINH HAI TAM GIAUC BAENG NHAU
1. Kién thic co ban:
Hai tam gi4c bang nhau khi va chi khi théa man mét trong ba truong hop sau:

Truong hopl: Hai tam gi4c c6 ba cip canh twong wng bang nhau thi bang nhau (canh-
canh-canh).

A A
\ /}\
B ﬁ\ ] S <

AB=A'B'
AC=A'C't = AABC=AA"'B'C' (canh-canh-canh)
BC=BC

Truong hop 2: Hai tam giac c6 hai cip canh twong ng bang nhau va cap goc xen gitra
c4c canh d6 bang nhau thi bang nhau (canh-géc-canh).

AC=A'C'
c=c' — AABC = AA'B'C' (canh-gdc-canh)
BC=BC

Truong hop 3: Hai tam A ~
giac c6 mot cap canh bang
nhau va hai cap goc ké véi
cip canh ay bing nhau thi
bang nhau (géc-canh-goc). 1 |
B i L | o




B=B'
BC=BC | = AABC = AA'B'C' (g6c-canh-gac).
c=cC'

Luu ¥ trudng hop bang nhau cua tam giac vuong:

Truong hop 1: Néu hai canh géc vudng caa tam giac vudng nay bang hai canh géc vudng
cua tam giac vudng kia thi hai tam giac vuéng d6 bang nhau.

Trudng hop 2: Néu mét canh géc vudng va mot géc nhon ké canh dy cua tam giac vudng
nay bang mot canh goc vuéng va mot goc nhon ké canh ay cua tam giac vuéng kia thi hai
tam giac d6 bang nhau.

Trudng hop 3: Néu canh huyén va géc nhon cua tam giac vudng nay bang canh huyén va
goc nhon cua tam giac vudng kia thi hai tam giac vuoéng d6 bang nhau.

Truong hop 4: Néu canh huyén va canh géc vudng cua tam giac vudng nay bang canh
huyén va canh goc vudng cua tam giac vudng kia thi hai tam giac vudong d6 bang nhau.

2. Bai tap ap dung:

Bai tap 1: Cho tam giac ABC cé c
A =90°. Trén tia doi cua AB, lay
diém D sao cho AB = AD. Chting
minh: ABC = ADC.

Chang minh

Xét tam giac ABC va tam giac
ADC co:

AB = AC (gia thiét) b \

CAD=CAB=90°
AC canh chung.
AABC = AADC (canh - g4c - canh)

Bai tap 2: Cho tam giac ABC co

A =90°. Puong thang AH L BC tai H.
Trén dudng vubng goc véi BC tai B lay
diém D khong cung nira mat phang bo
BC v¢i diém A sao cho AH = BD.

a) Chiang minh: AAHB=AADH
b) Chitng minh: AB // HD.

Churng minh M




a) Xét tam giac AHB va tam giac DBH, ta co:
AH = BD (gia thiét)
A =B=90°(gia thiét)
BH la canh chung.
Suy ra AAHB=AADB (C—g-C)
b) Vi AAHB = AADB = ABH = BHD (gbc tuong (tng)
Ma ABH vuBHD ¢ vi tri so le
Suyra AB//HD
Bai tap 3: Cho tam gidc ABC vuéng tai A. V& BD Ia tia phan giac cua géc B. V& AE L
BC tai E. Chang .
minh: AABD =AEBD.
Chang minh
Xét AABD = AEBD, ta co:

BAD = BED = 90° (gia thiét)

BD canh chung. o c
A

B, = B, (gia thiét) D

Suy raAABD = AEBD (canh huyén — géc nhon).

3. Bai tap tu luyén:

Bai tap 1: Cho tam giac ABC c6 AB = AC. Goi M la trung diém cua canh BC.
a) Chang minh: AABM = AACM.

b) Ching minh: AM L BC.

Bai tap 2: Cho ABC. Qua A ké dudng thing song song véi BC, qua C ké duong thang
song song

v6i AB hai duong thang nay cit nhau tai D

a) Chiang minh: AABC = AADC.

b) Chtng minh: AADB = ACBD.

c) Goi O 1a giao diém cua AC va BD. Chiang minh: AABO = ACOD.

Bai tap 3: Cho gdc vudng xAy. Trén tia Ax lay 2 diém B va D, trén tia Ay lay 2 diém C
va E sao cho AB = AC va AD = AE.



a) Chung minh: AACD = A ABE.
b) Chiang minh: ABOD = ACOE.

Bai tap 4: Cho gdc xOy khéc goc bet. Trén tia Ox iy 2 diém A va D, trén tia Oy lay 2
diém C va E sao cho OD = OE va OA = OB,

a) Chang minh: AODC = AOBE.

b) Goi A 1a giao diém cua BE va CD. Chirng minh: AAOB = AAOC.

Bai tap 5: Cho AABC, c6 AB = AC. Tia phan giac cua goc A cat BC tai M.
a) Chirng minh: AAMB = AAMC.

b) Chtrng minh M 1a trung diém cua canh BC.

¢) K 1a mot diém bat ki trén doan thang AM, dudng thang CK cit canh AB tai 1. V& IH
vuong goc véi BC tai H. Chiing minh goc BAC = 2BIH

Bai tap 6: Cho gdc xOy khéc goc bet. Lay cac diém A, B thudc tia Ox sao cho OA < OB.
L4y cac diém C, D thugc tia Oy sao cho OC = OA, OB = OD. Goi M la giao diém cua
AD va BC. Chizng minh rang:

a) AD = BC.
b) AMAB = AMCD.
c) OM la tia phéan giéc cua goc xOy.

Bai tap 7: Cho AABC, (AB < AC) c6 AM la phén giéc cua géc A (M thuoc BC). Trén
AC lay D sao cho AD = AB.

a) Chang minh: BM = MD
b) Goi K 1a giao diém cua AB va DM. Chiing minh: ADAK = ABAC.

Bai tap 8: Cho tam gidc ABC vudng tai A. Ké AH L BC. Ké HP L AB va kéo dai dé c6
PE = PH. Ké HQ L AC va kéo dai dé c6 QF = QH.

a) Chung minh: AAPE = AAPH, AAQH = AAQF.
b) Chitng minh: E, A, F thang hang va A 1a trung diém cua EF.

Bai tap 9: Cho AABC vudng ¢ C, c6 A =60°. Tia phan giac cua goc BAC cit BC 6 E,
ké EK L AB (K e AB), ké BD L AE (D e AE).

Chang minh:
a) AK = KB
b) AD =BC

Bai tap 10: Cho AABC, AB = AC va M la trung diém cia AC va N 1 trung diém cua
AB. Goi K 14 giao diém caa BM va CN. Chiing minh:

a) ABNC = ACMB



b) ABKC can tai K.

Bai tap 11: Cho doan thang BC. Goi I 14 trung diém cua BC. Trén dudng trung truc caa
BC lay diém A (A = 1)

a) Chiang minh: A AIB = A AIC.
b) Ké IH L AB, ké IK L AC. Ching minh: A AHK c6 2 canh bang nhau
¢) Chirng minh: HK // BC.

Bai tap 12: Cho A ABC vuéng tai A, c6 BD 1a phan giac. Ké DE - BC (E< BC). Goi F
1a giao diém cua AB va DE. Chttng minh rang:

a) BD la duong trung truc cua AE
b) DF =DC
c) AD <DC
d) AE// FC

Bai tap 13: Cho biét AOB=120°. K¢ tia phan giac OC cia A AOB. Trén tia OC lay diém
M va OA L HM, OB 1 MK.

a) Tinh s6 do cac HMOVa KMO.
b) Chung minh: AMHO = AMKO.
CHUU NEA 7
CHOUNG MINH HAI TAM GIAUC NOANG DAING
1. Kién thirc co ban:

Phuong phap 1: Hai tam giac duoc goi 1a ddng dang véi nhau néu chiing c6 céc cip canh
twong tng ti I¢ va cac goc twong tng ti I€.

Xét AABC va AA'B'C, ta ¢6:

Néu 48 = AS _ B\ A = A%B=B;C=C thxAABC ~ AABC.

A

Phuong phap 2: Dinh ly Talet: Néu mot duong

thang song song v&i mot canh cua tam giac va cit

hai canh con lai thi n6 dinh ra trén canh d6 nhirng

doan thang twong tng ty 1¢.Ta co: m
AM _ AN :AM _ AN.

AB — AC''MB — NC’

Phuong phap 3: Chirng minh cac diéu kién can va — o o
du dé hai tam giac dong dang:

(2]

Hai tam gi4c c6 cac cap canh tuong tng ty 1¢ thi déng dang.

Hai tam giac c6 hai cip goc twong ung bang nhau thi dong dang.



Hai tam gi&c c6 hai cap canh twong Gng ty 1¢, hai goc xen giira hai cap canh ay bang
nhau.

Phuong phap 4: Chirng minh trudng hop thir nhat (canh-canh-canh): Néu 3 canh cta tam
giac nay ty 1é véi 3 canh cia tam gic kia thi 2 tam giac d6 dong dang.

AABC~AA'B'C<:>%:&_ BC

A'C' ™ BC

Phuong phap 5: Chirng minh truong hop thir 2 (canh-gc-canh): Néu 2 canh cua tam giac
nay ty I véi 2 canh cua tam giac kia va 2 goc tao bai tao cac cap canh d6 bang nhau thi
hai tam d6 giac déng dang.

AABC~-AA'BC < {

Phuong phap 6: Chirng minh trudng hop thir 3 (goc-goc): Néu 2 goc caa tam giac nay
lan luot bang 2 géc cua tam giac kia thi hai tam giac d6 ddng dang.
A=A"
AABC~-AA'BC <
B=B'
Phuong phap 7: St dung ching minh cho tam giac vuéng

- Tam giac vudng nay c6 mot goc nhon bang gdc nhon cua tam giac vuéng kia thi hai
tam giac do

dong dang.

- Tam gidc vudng nay c6 hai canh goc vuéng ty le vai hai canh goc vubng cua tam giac
vudng kia

thi hai tam giac d6 dong dang.

- Néu canh huyén va mot canh cua tam giac vudng nay ty 1& véi canh huyén va canh goc
vuodng caa

tam giac vuong kia thi hai tam giac d6 dong dang.
Phuong phap 8:
Chuang minh cac tinh chét cia ti s6 dong dang dé suy ra hai tam giac dong dang:

- Ti s6 hai dudng phan giac, hai duong cao, hai duong trung tuyén, hai ban kinh noi tiép
va ngoai tiép, hai chu vi twong (ng cua hai tam gidc déng dang bang ti sé déng dang.

- Ti s6 hai duong cao cia hai tam giac dong dang:
Ta c6: AABC—~ AA'B'C’, BH va B’H’ 1a hai duong cao.
Néu a la ti s6 ddng dang cua hai tam giac AABC va AA'B'C'

. BH
thi By —



- Ti s6 hai duong phan giac cua hai tam giac dong dang:
Ta c6: AABC~ AA'B'C', BD va B’D’ 14 hai duong phan giac lan luot cia B va B'.

Néu a la ti s6 ddng dang cua hai tam giac AABC va AA'B'C' thi % —a

- Ti 6 hai duong trung tuyén cua hai tam giac dong dang:
Ta c6: AABC— AA'B'C', BM va B’M’ 14 hai duong trung tuyén.

Néu a la ti s6 ddng dang cua hai tam giac AABC va AA'B'C' thi % =a

- Ti sb chu vi cta hai tam giac déng dang:

Taco: AABC- AA'B'C

Néu a la ti s6 ddng dang cua hai tam giac AABC va AA'B'C'

- Ti s6 ban kinh duong tron ngoai ciia hai tam giac dong dang:

Ta c6: AABC— AA'B'C' va OM, ON, OP la ban kinh dudng tron ngoai tiép AABC,
O’M’, O°’N’, O’P’ 14 ban kinh dudng tron ngoai tiép AA'B'C'

Né'u a la ti s6 ¢6ng dang cua hai tam giadc AABC va AA'B'C' thi

OM _ON _OP __
OIMI OINI OIPI )

- Ti s6 ban kinh dudng tron ngoai ciia hai tam giac dong dang:

Ta c6: AABC—~ AA'B'C' va OM, ON, OP 1a ban kinh dudng tron ngoai tiép AABC,
O’M’, O’N’, O’P’ 1a ban kinh dudng tron ngoai tiép AA'B'C'

Né'u a la ti s6 d6ng dang cua hai tam giac AABC va AA'B'C' thi

OM _ON _OP __
OIMI_OINI_OIPI_ "

- Ti s6 dién tich caa hai tam giac dong dang thi bang binh phwong ti 6 déng dang.

Néu AABC— AA'B'C' va la ti s6 d¢ong dang cua hai tam giéc thi

Siasc P

SAA'B'C'
2. Bai tap ap dung:

Bai tap 1: Cho AABC cian tai A; BC = 2a. Goi M la trung diém cuia BC. LAy cac diém D
va E trén AB; AC sao cho DME=B.

a) Ching minh rang: ABDM ~ ACME
b) Chirtng minh: AMDE -~ ADBM



c) Chirng minh: BD.CE khéng d6i?
Chang minh

a) Taco: DBM =ECM (1)

va DBM =DCM (gia thiét)

Ma

DBM +BMD +MDB = 180°

DME +BMD + CME = 180° 5
Suyra MDB=CME (2)
Tu (1) va (2), suy ra: ABDM ~ ACME (g - 9).
b) Vi ABDM -~ ACME nén

BD _DM \3 BM = cM (gia thiét)
CM ME

Suy ra EZ%
BM ME

Suy ra AMDE -~ ADBM.
¢) Vi ABDM -~ ACME

Suy ra & :%
CM CE

SuyraBD.CE=CM . BM
2
Ma CM = BM = B_ZC ~a=BDCE- 2 (khong ddi)

Bai tap 2: Cho AABC, BD va CE 1a 2 A
duong cao cia AABC. DF va EGl1a2
duong cao cua AADE.

Chuang minh rang: AADE ~ AABC dong
dang. B

Churng minh
Xét AADB va AAEC, ta co:

A la goc chung.

AEC=ADB=90°
Suy ra AADB ~ AAEC (g - 0)



AD_AB_ AD _AE
AE AC  AB AC

Suy ra:

Va A=90°
AADE ~ AABC (g - ¢ — g)

Bai tap 3: L4y diém M trén duong chéo AC cua tir giac ABCD c6 B=90°. K¢ MN L BC
(N e BC) va MP L AD (P< AD). Chitng minh: MN

MN MP

—— =1

AB CD
Chang minh B
Vi AB L BC (gia thiét)
MN -1 BC (gia thiét) N
Nén MN // AB

A C
Suy ra ACNM ~ ACBA suy MN _MCc (1)
AB AC
Ta c6: MP // CD nén AAMP -~ AACD o
MP AM
Suyra —="— 2
y CD - AC (2) D

Cong vé véi vé caa (1) va (2) ta duogc:

MN MP MC+AM AC

+ = 1
AB CD AC AC

Bai tap 4: Cho doan thang AB. Goi O 1a trung diém cua AB. V& vé 1 phia AB céc tia Ax
va By vudng goc véi AB. Lay C trén Ax, D trén By sao cho COD =90°.

a) Chung minh rang: AACO ~ABDO.

b) Chtrtng minh rang: CD = AC + BD.

c) Ké OM -1 CD tai M, goi N 1a giao diém cua AD véi BC. Chirng minh rang: MN // AC.
Chang minh

a) Ta co:



AOC = BOE (1)
BOE +BOD = 90° ¢
Suy ra BOE=BDO (2)

Xét AACO va ABDO, coé:

OAC = DBO = 90° (gia thiét) )
BOE = BDO = 90° (theo (2))
Suy ra AACO -~ ABDO (g - 9)
b) Ké CO cét DB tai E.
Ta co: AAOC =ABOE (g-c-Q)
Suy ra OC = OE.
Xét ACOD va AEQOD, co:
OC = OE (chirng minh trén)

COD = EOD = 90°
OD la canh chung.
Suy ra ACOD = AEOD (c-g-c).
Suy ra CD = ED (canh tuong ung).
Taco: AC=BE suyra AC+BD=BE +BD =ED (Vi CD =ED)
Vay: AC + BD = CD.
¢) Ta c6: AANC ~ADNB.

Suy ra ﬂ;&
ND BD
AN BE

AN _ = (i AC = BE)
ND BD

Vi CD = ED nén ACDE can tai D.

Suy ra OD la duong cao ha tr dinh D.

Theo ching minh ¢ céu b, ta co:

OB = OM (2 duong cao tuong ng)

CM = BE (hinh chiéu ung vai cac canh bang nhau)
MD = BD (hinh chiéu &g véi cac canh bang nhau)

AN_BE_CM _ AN_CM
ND BD MD ND MD




Theo dinh ly Talet, ta c6: MN // AC.
3. Bai tap tu luyén:

Bai tap 1: Cho hinh binh hanh ABCD véi duong chéo AC > BD. Goi E va F la chan
duong vudng goc ké tir C dén cac duong thang AB va AD. Goi G 1a chan duong vuéng
goc ké tir B dén AC.

a) Chung minh rang: ACBG —~ AACF.
b) Chttng minh rang: AB.AE + AD.AF = AC2.

Bai tap 2: Cho AABC, M 1a trung diém cuaia canh BC. Tir méot diém E trén canh BC, ta ké
Ex // AM. Ex cat tia CA ¢ F va tia BA & G. Chting minh rang: FE + EG = 2AM.

Bai tap 3: Cho hinh binh hanh ABCD, trén duong chéo AC lay 1. Tia DI cat duong thang
AB tai M, cit duong thang BC tai N.

AM DM CB
AB DN CN
b) Chirtng minh rang: ID? = IM.IN.

Bai tap 4: Cho AABC, BD va CE la 2 duong cao cia AABC. DF va EG la 2 duong cao
cua AADE.

a) Chuing minh rang:

Chutng minh rang:

a) AADE —~AABC.

b) FG // BC.

Bai tap 5: Cho AABC (AB < AC). Hai dudng cao BD va CE cit nhau tai H.

a) So sanh BAH = CAH
b) So séanh 2 doan thang BD va CE.
c) Chirng minh: AADE -~ AABC.

Bai tap 6: Cho 4 diém A, E, F, B theo thir tu 4y trén 1 duong thang. Trén cing 1 nira mat
phang bo AB, vé cac hinh vudng ABCD; FGHE.

a) Goi O 1a giao diém cua AG va BH. Chang minh: AOHE ~AOBC.
b) Chttng minh rang: Cac dudng thiang CE va FD cung di qua O.

Bai tap 7: Cho AABC c6 cac trung diém cta BC, CA, AB theo thir ty 1a D, E, F. Trén
canh BC lay diém M va N sao cho BM = MN = NC. Goi P 1a giao diém cua AM va BE;
Q 1a giao diém cua CF va AN. Chang minh rang:

a) F, P, D thang hang va D, Q, E thang hang.
b) AABC -~ ADQP.



Bai tap 8: Cho AABC; H, G, O lan luot Ia tryc tAm, trong tam, giao diém 3 duong trung
truc cia A. Goi E, D theo thir t 1a trung diém cua AB va AC.

Chang minh :

a) AOED ~ AHCB

b) AGOD ~ AGBH

¢) Ba diém O, G, H thang hang va GH = 20G.

Bai tap 9: Cho AABC, AD 14 phén giac A ; AB < AC. Trén tia doi ciia DA lay diém | sao
cho ACI =BDA . Chitng minh rang:

a) AADB -~ A ACI; A ADB -~ A CDI
b) AD? = AB.AC - BD.DC.

Bai tap 10: Cho tam gidc ABC c6 cac goc déu nhon. Cac duong cao AD, BE, CF cit
nhau ¢ H.

Chtrng minh rang:

a) AE.AC = AF.AB

b) A AFE — A ACB

¢) A FHE «~ A BHC

d) BF.BA + CE.CA = BC?

CHUU NEA 8
HEA THOUC LOOING TRONG TAM GIAUC VUOANG
1. Kién thire co ban:
(1) BC?=BH.BC A
(2) AB? = BH.BC;
AC?=CH.BC
(3) AB.AC = AH.BC ]
(4) AH?=BH.HC H

()

1 _ 1 1
AHZ  AB? AC?




Két qua:

Véi tam giac déu canh 13 a, ta c:

2
hza_@;sza\@.

2 4
Ti s6 lugng gi4c &p dung trong tam giac vudng:
bit ACB = a; ACB =, khi d6:

_AB_AH,

“BC HC’

AC HC,

BC AC’

_AB_ AH,

“AC HC'

_AC_ HC, B
" AB AH’
b=asinB=acosC=ctanB=ccotC
c=acosB=asinC=bcot B=btanC

sina

Cosa =

tana

cota

Két qua suy ra:
(1) sSino = cospP; coso. = SN;tano = cot 3;cot o = tanB

sna cosa
;cota =

(2) 0<sina <1;0< cosa<ltan o= :
cosa sina

(3) sin® a+cosfa.=1;tan a.cot o =1;1+ tanoL = 1+ cot? o =— -

cos’a sn®a
2. Bai tap ap dung:

Bai tap 1: Cho A ABC vubng tai A, duong A
cao AH. Biét AH = 9cm, CH = 16¢cm.

a) Tinh d6 dai cac canh AB, AC.
b) Tinh chiéu cao AH.

Giai i S U . :
a) Taco:BC=BH+HC =9+ 16 =25 (cm) ’

A ABC vubng tai A, AH -1 BC (gia thiét)

Str dung hé thuc vé goc vudng va hinh chiéu caa nd 1én canh huyén, ta co:
AB?2 = BH.HC = 9.25 = 225.

Suy ra AB=+/225=15(cm)

AC? =CH.CB = 16.25 = 400



Suy ra: AC =+/400 = 20(cm)

b) Theo hé thuc lién hé giita duong cao thudc canh huyén va hinh chiéu cua hai géc

vuéng trén canh huyén, ta co:

AH? = BH.HC = 9.16 = 144 suy ra AH = 12 (cm)

Bai tap 2: Cho A ABC vuong tai A, AB =30 (cm), tan B = 8/15

a) Tinh AC, BC.

b) Tinh sin B, cos B, cot B.

Giai

a) Trong A ABC vuong tai A, ta co:

anB=2C_8 maaB=30 (cm)
AB 15

nén ta co:
ma AB = 30 (cm) nén ta cé:

A_CZEQAC=£'8=16(cm)
AB 15 15

Theo dinh ly Pitago, ta co:
BC? = AB? + AC? = 30% + 162 = 1156
Suy ra: BC =34 (cm)

b) Theo dinh nghia, ta co céc ti s6 luong giac caa cac goc la:

Bai tap 3: Cho A ABC, duong cao AH (H € BC), B=42° AB = 12cm, BC =22cm. Tinh

cac canh va goc con lai cua tam giac.

Gial

Trong A AHB vuédng tai H, B=42°nén HAB=90" - 42° = 48°

Ap dung hé thirc lwong lién hé giira cac canh va goc trong cua tam giac vuong AHB, ta

CO.

AH = AB.sinB = 12.sin 42° ~ 8,028 (cm)
BH = AB.cosB = 12.cos 42°~ 8,916 (cm)

Trong tam giac vudéng AHB, ta co:



A
_AH DO 61
HC 13,084

= C~31°30'
= HAC ~ 90° - 31°30' = 59°30"

tanC

Do d6:

= BAC = 48° + 58°30' = 106°30" B ¢ ¢
Suy ra:

Ac_ AH 8,028 < 15,35(cm)

SnC  sn31°30
3. Bai tap tu luyén:
Bai tap 1: Cho A ABC vudng tai A, biét:
a)a=72cm, B=58

b) b=20cm, B=48

c)b=15cm, C=30°
d)b=21cm,c=18cm.

Bai tap 2: Cho A ABC vudng tai A, duong cao AH. Biét HB = 25 cm, HC = 64cm. Tinh
B,C.

Bai tap 3: Chtrng minh rang: Néu mét tam giac c6 hai canh bang a va b, géc nhon tao bai
hai duong thang d6 bang c thi dién tich cua tam giac d6 bang: S= %ab.sinC

Bai tap 4: Cho A ABC ¢6, AB = 16cm va B=60°.
a) Tinh BC.
b) Tinh Sagco.

Bai tap 5: Cho A ABC vudng tai A. Goi H 1a chan duong cao ha tir A. Biét rang AB =
7cm, AC = 9cm. Tinh BH, CH, AH.

Bai tap 6: Cho A ABC vudng can tai A, duong cao AH. Biét BC = a, AH = h. Tinh d6
dai canh bén theo a, h

Bai tap 7: Cho A ABC vuéng tai A, duong cao AH, ké HM L AB tai M. Ching minh:
AB?
BC?

Bai tap 8: Cho A ABC ¢6 AB =48cm, AC = 14cm, BC = 50cm. Tinh d¢ dai duong phén
giéc cua goc C.

BM =

Bai tap 9: Cho A ABC vuong tai A ¢6 AB =3cm; BC = 5cm. AH la duong cao. Tinh
BH; CH; AC va AH.



Bai tap 10: Cho A ABC can tai A ¢c6 BC = 16cm; AH = 6cm. Mot diém D e BH sao cho
BD = 3,5 cm. Chimng minh: A DAC vudng.

Bai tap 11: Cho A ABC vudng tai A c6 AC = 10cm; AB = 8cm. Tinh:
a) BC.

b) Hinh chiéu cua AB va AC Ién BC.

c¢) buong cao AH.

Bai tap 12: Cho duong tron tdmO ban kinh R = 10 cm.Day cung AB bat ky ¢6 trung
diém I.

a) Tinh AB néu Ol = 7 cm.
b) Tinh Ol néu AB = 14 cm.

Bai tap 13: Cho duong tron tim O ¢6 duong kinh AB = 26,5 cm. V& day cung AC = 22,5
cm. H 1a hinh chiéu cua C trén AB, ndi BC. Tinh BC; BH; CH va OH.

Bai tap 14: Hinh thang ABCD céan; day 1én AB = 30cm, day nho CD = 10 cm va goc A
la 60°.

a) Tinh canh BC.
b) Goi M; N lan Iuot 13 trung diém AB va CD. Tinh MN.

Bai tap 15: Cho da giac 16i ABCD c6 AB = AC = AD = 10cm, géc B bang 60° va goc A
12 90°.

a) Tinh duong chéo BD.

b) Tinh khoang cach BH va Diéu kién tir B va D dén AC.

c) Tinh HK.

d) V& BE L DC kéo dai. Tinh BE; CE va DC.

Bai tap 16: Cho doan thang AB = 2a. Tir trung diém O cua AB v& Ox - AB tai O. Trén
Ox lay D: oD :g. Tu B ké BC L AD kéo dai.

a) Tinh AD; AC va BC theo a.

b) Kéo dai DO mét doan OE = a. Chang minh: Bén diém A, C, B va E cling nam trén
mot duong tron.

b) Xac dinh tinh chat CE véi goc ACB.

¢) V& duong vudng goc vai BC tai B cat CE tai F. Tinh BF.

d) Goi P 1a giao diém ciia AB va CE. Tinh AP va BP.

Bai tap 17: Cho A ABC nhon, ndi tiép (O; R) c6: AOB=90" va AOC =120

a) Chang minh: O ¢ trong tam giac ABC.



b) Tinh cac goc tam giac ABC.
¢) Tinh duong cao AH va BC theo R.
Bai tap 18: Cho A ABC c6 ba goc nhon. AB = ¢, AC = b, BC = a. Chirng minh rang:
a_ _ b __c
snA snB snC

Bai tap 19: Cho A ABC c6 ba goc nhon. AB = ¢, AC = b, BC = a. Chirng minh rang:

b2 =a? + ¢? - 2ac.cos B.

Bai tap 20: Cho A ABC vudng tai A, C=o (o < 45°)trung tuyén AM. Puong cao AH.
Biét BC =a, AC = b, AH = h.

a) Tinh: sina,sin2a, theo a, b, h.

b) Chtrng minh rang: sin2a =2sino.cosa.

Bai tap 21: Cho A ABC can tai A. Puong cao thudc canh bén bang h, goc ¢ day bang «.
Chung minh rang:

h2
4sinacoso,

Bai tap 22: Cho hinh thang ABCD, day 16n AB = 20 cm, canh bén AD =8 cm va tao Vi
day 16n AB mot goc 65°.

SAABC =

a) Tinh d§ dai duong cao AH va day nhé CD.
b) Tinh sb d6 goc ABDva dudng chéo BD.

Bai tap 23: Cho hinh thang ABCD A=D=90°, AD=30cm,CD=18cmvaBC =20
cm.

a) Tinh cach géc ABC,BCD.
b) Tinh cac g6c DAC,ADBVa do dai cac duong chéo AC, BD.
Bai tap 24: Cho A ABC. Biét AB = 10cm, AC = 24cm, BC = 26¢m.
a) Chung minh rang: A ABC vudng tai A.
b) Tinh: sin B, sin C.
¢) Tinh chiéu cao AH va doan thang ma chiéu cao n6 chia ra trén BC.
CHUU NEA 9
CHOUNG MINH CAUC HEA THOUC HINH HOIC

1. Kién thitrc co ban:



- Dung dinh ly Talet, tinh chat duong phan giac, tam giac déng dang, cac hé thuc lwong
trong tam giac vuong, ...

Gia sir can chang minh: MA.MB = MC.MD

Lap so do: MA.MB:MC.MDc%:M—EcAMAD ~ AMCB hoic AMAC ~ AMDB

Ngoai ra can cha y dén viéc sir dung céc hé thirc trong tam giac vudng; phwong tich cua
mot diém véi duong tron.
2. Bai tap ap dung:

Bai tap 1: Cho duong tron (O; R), tiép tuyén Ax. Trén tiép tuyén Ax, liy diém F sao cho
BF cit duong tron tai C. Tia phan giac cua goc ABF cit Ax tai E va cit duong tron tai D.

a) Chang minh OD // BC.
b) Chuang minh h¢ thuc: BD.BE = BC.BF x
Chang minh

a) ABODcan 6 O (viOD =0OB =R)

Suy ra OBD =ODB

Ma OBD = CBD (gia thiét) nén OBD =CBD
Do do: OD // BC.

b) Ta cé:

ABD = 90° (gdc ni tiép chan nira duong tron
©)
Suyra AD 1 BE

ACB =90 (gbc noi tiép chan nira duong tron (O)

Suy ra AC L BF.

AEAB vudng & A (do Ax la tiép tuyén ), c6 AD L BE nén AB2=BD.BE (1)
A FAB vudng & A (do Ax la tiép tuyén), co AC-L BF nén AB2=BC.BF (2)
Tu (1) va (2) suy ra: BD.BE = BC.BF

Bai tap 2: Cho tam gidc ABC nhon, cac dudng cao BD va CE cat nhau tai H.



a) Chuing minh ta gidc BCDE noi tiép.

b) Chitng minh: AD.AC = AE.AB. A
D
Chang minh E
a) Xét ttr giac BCDE, c0: H
— on°
BDC=90 B c
BEC = 90°

Ta c6 hai dinh D, E cling nhin canh BC véi mét goc bang 90°.
Suy ra tt giac BCDE noi tiép.

b) Xét A ADB va A AEC, ta c6:

ADB=AEC=90°(vi BD, CE la hai duong cao)

A la goc chung.

Suy ra A ADB -~ A AEC (g - ).

Suy ra E:E:>AD.AC:AE.AB
AE AC

Bai tap 3: Tir diém A ¢ ngoai duong tron (0), ké hai tiép tuyén AB, AC téi duong tron
(B, C la cac tiép diém). Puong thang qua A cat dudng tron (O) tai D va E (D nam gitra A
va E, day DE khong qua tim O). Goi H 14 trung diém cia DE, AE cat BC tai K .

a) Chung minh tir gidc ABOC nai tiép duong tron .
b) Ching minh: HA 1a tia phéan giac cua BHC

c) Chiing minh: i=i+i.
AK AD AE

Chang minh

a) Ta co: ABO=ACO=90° (tinh chat tiép
tuyén)

Trong tr giac ABOC c6 ABO+ACO =180
nén noi tiép duoc trong mot dudng tron.

b) Ta co: AB = AC (tinh chat hai tiép tuyén cat nhau).
Suyra: AB=AC

Do d6: AHB=AHC.

Vay HA la tia phén giac cua BHC.

c) Chang minh: 2 _1.,t
AK AD AE



Xét A ABD va A AEB, co:

BAE la goc chung
ABD =AEB(:%S®BD)

Suy ra: A ABD -~ A AEB

AB _AD
" AB

Xét A ABK va A AHB, co:

Do do: — AB’=ADAE (1)

BAH la goc chung
ABK =AHB (do AB=AC)
Suy ra A ABK -~ A AHB.

Suy ra: AK_AB = AB*=AK.AH (2)
AB AH

Tur (1) va (2) suy ra: AE.AD = AK.AH

Suyra L - _AH
AK  AEAD
Suyra 2 _2AH _2AD+DH) 2AD+2DH_AD+AD+ED AE+AD_ 1 1

AK AE AD  AEAD AE.AD AE.AD AEAD AD AE
(do AD + DE = AE va DE = 2DH).

1
Vay o =25+ Ag (@pem).

3. Bai tap tu luyén:

Bai tap 1: Cho (O) c¢6 duong kinh AB. Qua A ke tiép tuyén xy. Lay diém M e AXx; ndi
BM cit (O) tai C. Chttng minh: MAZ = MB.MC.

Bai tap 2: Cho A ABC déu, ndi tiép duong tron (0). D 1a mot diém trén cung BC (BC la
cung nho). CD va AB kéo dai cit nhau & M; BD va AC kéo dai cit nhau ¢ N. Ching
minh: AB? = BM.CN.

Bai tap 3: Cho A ABC ¢6 AB < AC. Tir M € AB vé& MEF // BC cat AC tai E va dudng
thang song song AB V& tir C tai F. AC cat BF tai |. Chting minh: 1C2 = IE.IA.

Bai tap 4: Cho hinh chir nhat ABCD c6 AB = 36 mm; AD = 24 mm. Tur D ni dén trung
diém M cua AB cat AC tai | va CB kéo dai tai K. Chtrng minh: ID? = IM.IK.

Bai tap 5: Cho A ABC vuong tai A. V€ phén giac trong AD cua goc A (D € BC). Goi

khoang céch tir D dén AB 1a d. Biét AB = ¢, AC = b, BC = a. Ching minh: %=%+}

C



Bai tap 6: Cho (O; R) va hai day cung song song nhau AD va BE & vé hai phia cua day
AB va ciing hop véi AB mot goc 45°. N6i DE cat AB tai M. Chuang minh: MAZ + MB2 +
MD? + ME? = 4R?,

Bai tap 7: Cho ba diém A, B, C cling nam trén mot duong thang xy theo thi ty trén. V&
duong tron (0) di qua B va C. Tir A vé hai tiép tuyén AM va AN. Chitng minh AM? =
AN? = AB.AC.

Bai tap 8: Trén cung nho BC cuia duong tron ngoai tiép tam giac déu ABC, ldy mot diém
Ptuyy.

Goi 1a giao diém cua AP va BC.

a) Chuang minh: BC?2 = AP.AQ .

b) Trén AP liy diém M sao cho PM = PB. Ching minh: BP + PC = AP.

¢) Chirng minh: i:i+i.
PQ PB PC

Bai tap 9: Cho hinh binh hanh ABCD (AC > BD). V& CE 1+ AB va FC L AD. Chung
minh rang: AB.AE + AD.AF = AC2

Bai tap 10: Cho tam giac ABC, M 1a trung diém cta canh BC. Tur 1 diém E trén canh BC
ta ké Ex // AM. Ex cit tia CA ¢ F va tia BA & G. Chang minh riang: FE + EG = 2AM.

Bai tap 11: Cho Cho hinh binh hanh ABCD, trén Pudng chéo AC lay I. Tia DI cit duong
thang AB tai M, cat duong thang BC tai N.

a) Chtng minh ring: AM _PM  CB
AB DN CN

b) Chang minh rang: 1D? = IMLIN.
Bai tap 12: L4y 1 diém O trong tam gi4c ABC. Céc tia AO, BO, CO cit BC, AC, AB lan
OCA OB OC

luot tai P,Q, R. Chitng minh rang: — + — + — =2,
AP BQ CR

Bai tap 13: Cho tam gidc ABC (AB = AC) ¢6 gdc & dinh bang 20°%; canh déy 14 a; canh
bén la b.

Chuang minh rang: a® + b® = 3ab?.

Bai tap 14: Cho A ABC c6 A = 30°. Dung bén ngoai A BCD déu. Ching minh: AD? =
AB? + AC?,

Bai tap 15: Cho A ABC cén tai A (A =90°). Tir B ké BM L AC. Chirtng minh rang:

2
AM _,(ABY
AC BC

CHUU NEA 10
TOU GIAUC NOAI TIEAP NOOBNG TROGZN



1. Kién thitc co ban:

Céc phuong phap ching minh ti giac noi tiép:

- Chietng minh bén dinh cua tir gidc cing cach déu mot diém.

- Chitng minh ti gidc c6 tong hai goc dbi dién bang 1800 (bu nhau).

- Chirmg minh hai dinh cting nhin mét doan thang dudi mét goc bang nhau.

- Chitng minh tong cta goc ngoai tai mot dinh véi goc trong ddi dién bu nhau.
- Néu MA.MB = MC.MD hoic NA.ND = NC.NB thi tir gidc ABCD noi tiép.
(Trong d6: M =AB(1CD,N=ADNBC)

- Néu PA.PC = PB.PD thi tt giac ABCD ni tiép. (Trong d6 P=ACNBD)

- Chtrng minh tir giac do6 1a hinh thang can; hinh chir nhat; hinh vuong; ...

Néu can chitng minh cho nhiéu diém ciing thudc mot dudng tron ta cé thé chirng minh
lan lugt 4 diém mot lac. Song can cha y tinh chét “Qua 3 diém khong thiang hang xac
dinh duy nhat mot duong tron”

2. Bai tap ap dung:

Bai tap 1: Cho A ABC, BD, CE la hai duong cao. Ching minh: Tu giac BCDE va AEHD
noi tiép.

Chang minh

Xét tir gidc BCDE, c0: i

BDC =BEC=90" (vi BD, CE la hai dudng cao) E D

A la goc chung. i

Suy ra hai dinh E, D cung nhin canh BC v&i mét

g6c bang 90°. B —op

Suy ra T giac BCDE nai tiép.
Xét tir gidc AEHD, cé:

AEH =90° (EC la duong cao)
ADH =90° (BD la duong cao)
Suy ra AEH +ADH =180°

Suy ra tir giac AEHD nai tiép.

Bai tap 2: Cho hinh thang can ABCD (AB > CD, AB // CD) noi tiép trong dudng tron
(0). Ké cac tiép tuyén vai duong tron (O) tai A va D ching cit nhau ¢ E. Goi M 1a giao
diém cua hai duong chéo AC va BD. Chang minh ti gidc AEDM noi tiép duoc trong
mot duong tron.



Chang minh

Ta co:

EAC = %s@AC (g6c tao boi tia tiép tuyén AE va
day AC cua duong tron (O))

Tuong tu:

xDB = %s@DB (Dx 1a tia ddi cua tia tiép tuyén DE)

Ma AC = BD (do ABCD lIa hinh thang can) nén AC=BD.

Do d6 EAC=XxDB.
Vay tir giac AEDM nai tiép dugc trong mot dudng tron.

Bai tap 3: Cho ntra dudng tron (O) duong kinh AB = 2R, day cung AC. Goi M 1a diém
chinh gitra cung AC. Puong thang ké tir C song song véi BM cit tia AM ¢ K va cit tia
OM & D. OD cat AC tai H. Chang minh tir giac CKMH noi tiép.

Chang minh

Taco: AMB=90"(goc ndi tiép chan nira duong tron dudng kinh AB)
Suyra AM 1L MB

Ma CD // BM (gia thiét) néen AM L CD .

Vay MKC=90°. .

Ta co: K

AM =CM (gia thiét)

SuyraOM L AC p

Av

QF

Suy ra MHC =90".

T gidc CKMH ¢ MKC+MHC =180°nén ndi tiép dugc dudng tron.



Bai tap 4: Cho ntra duong tron tim O dudng kinh AB. Tir diém M trén tiép tuyén Ax cua
nira duong tron vé tiép tuyén thir hai MC (C 1a tiép diém). Puong thing MB cit nia
duong tron (O) tai Q. Goi giao diém cia MO va AC 1a I. Chirtng minh rang: Tt giac
AMOQI nai tiép.

Chang minh
M
Ta co:
r r r r Q C
MA = MC (tinh chat hai tiép tuyén cat nhau)
OA = OC (ban kinh duong tron (0O))
I
Do d6: MO - AC suy ra MIA =90°.
A Fo] ® B

AQB=90° (gbc noi tiép chan nira duong tron
(©))
Suy ra MQA =90°
Suy ra hai dinh I, Q cung nhin canh AM véi mot géc bang 90°
Suy ra ti giac AMQI nai tiép dugc trong duong tron

Bai tap 5: Cho duong tron (O) dudng kinh AB. Trén tia AB lay diém D nam ngoai doan
AB va ké tiép tuyén DC voi duong tron (O) (C 1a tiép diém). Goi E l1a chan duong vuong
goc ha tir A xudng duong thang CD va F 1a chan duong vudng goc ha tir D xudng duong
thiang AC.

Chung minh: Ta giac EFDA noi tiép.

Churng minh E £

Ta co:
AED =90° (vi AE L CD tai E)

AFD =90° (vi DF L AC tai F)

Suy ra hai dinh E, F cling nhin canh AD véi 4

mét gdc bang 90°.
Suy ra tir giac EFDA noi tiép.
Bai tap 6: (Dinh Iy Plotéme)
a) I\Jéu mét tir giac noi tiép trong mot duong tron thi tich cua hai duong chéo bang
tong céc tich cta cac cap canh doi dién.

b) Néu mét tir giac thoa man diéu kién tong céc tich cua cac cap canh doi dién bang
tich cua hai dudng chéo thi tr gidc d6 noi tiép mot dudng tron.

Chtng minh



Goi ABCD la ti giac noi tiép duong tron.
Trén cung nho BC, ta c6 cac gac noi tiép:
BAC=BDC, va trén cung AB, ADB=ACB.
Lay 1 diém K trén AC sao cho ABK = CBD
T ABK +CBK = ABC = CBD +ABD.

Suy ra CBK = ABD.

Do vay tam gidc AABK —~ ADBC, va tuong tu
c6 AABD -~ AKBC.

Suy ra &:Q va C_K:%
AB BD BC BD A

Tu d6 AK.BD = AB.CD va CK.BD = BC.DA

Cong cac vé cua 2 dang thic trén: AK.BD + CK.BD B
= AB.CD + BC.DA;

Hay: (AK+CK).BD = AB.CD + BC.DA: 5

Ma AK+CK = AC, nén AC-BD = AB.CD + BC.DA.
(Piéu phai chang minh)

3. Bai tap tu luyén:

Bai tap 1: Cho duong tron (O) dudng kinh AB. M 1a mot diém trén tiép tuyén xBy. AM
cit (O) tai C; lay D € BM; ndi AD cit (O) tai . Chirng minh: Tt gidc CIDM néi tiép.

Bai tap 2: Cho A ABC vudng tai A c6 AB =5cm va AC = 5J3cm. Puong cao AH (H <
BC). Puong tron (H; HA) cat AB tai D va AC tai E. Ching minh: Tt giac CEBD noi
tiép.

Bai tap 3: Cho duong tron (O) dudng kinh AB. Tir A va B vé Ax - AB va By L BA. V&
tiép tuyén x’My’ (tiép diém M) cat Ax tai C va By tai D. OC cat AM tai | va OD cit BM
tai K. Chung minh: T giac CIKD ndi tiép.

Bai tap 4: Cho duong tron (O) duong kinh AB, v& ban kinh OC L AB. Tir B V& tiép
tuyén Bx. Goi M 1a trung diém OC, AM kéo dai cat duong tron tai E va Bx tai I. Tiép
tuyén tir E cat Bx tai D.

Chuang minh: Ta giac MODE ni tiép.

Bai tap 5: Cho tam gidc ABC (BAC < 45°) ndi tiép trong ntra dudng tron tim O dudng
kinh AB. Dung tiép tuyén véi dudng tron (O) tai C va goi H 1a chan duong vudng goc
ké tir A dén tiép tuyén do. AH cat duong tron (O) tai M (M = A). Pudng vudng goc Véi
AC ké tir M cat AC tai K. Chang minh tar giac MKCH noi tiép.

Bai tap 6: Cho tam giac ABC vudng ¢ A, duong cao AH. BDuong tron tam O duong kinh
AH cit cac canh AB, AC lan luot tai M va N (A = M va N). Ching minh:



a) AHN =ACB

b) Tu gidc BMNC nai tiép.

Bai tap 7: Cho duong tron (O;R) dudng kinh AB. Goi C 1a diém bat ky thudc duong tron
d6 (C = AvaB). Goi M, N lan luot 1 diém chinh giita ctia cac cung nho AC va BC.

Céc duong thang BN va AC cit nhau tai |, cac day cung AN va BC cét nhau ¢ P. Chung
minh t& giac ICPN nai tiép. Xac dinh tam K cua duong tron ngoai tiép tar giac do.

Bai tap 8: Cho duong tron (O; R), duong kinh AB . Trén tiép tuyén ké tir A caa duong
tron nay lay diém C sao cho AC = AB. Tir C ké tiép tuyén thir hai CD cua dudng tron
(O; R), véi D la tiép diém.
Chutng minh rang ti gidc ACDO noi tiép.
Bai tap 9: Cho duong tron (O) duong kinh AB bang 6¢cm . Goi H 1adiém nam gitta A va
B. Qua H vé& duong thang vudng goc véi AB, duong thang nay cit dudng tron (O) tai C
va D. Hai duong thang BC va DA cit nhau tai M. Tir M ha dudng vudng goc MN véi
duong thang AB (N thudc thang AB). Chiing minh MNAC 14 ti giac noi tiép.
CHUU NEA 11

CAUC NOO@NG THAUNG NOANG QUY
1. Kién thtrc co ban:
Phuong phap 1: Ap dung tinh chat cac duong dong quy trong tam giac.
Phuong phép 2: Chitng minh cac dudng thang cung di qua mot diém: Ta chi ra hai duong
thang cét nhau tai mot diém va chimg minh duong thing ciing di qua diém do.
Phuong phap 3: Dung dinh ly dao caa dinh ly Talet.

Phuong phap 4: Dinh ly Lyness mé rong (B6 dé Sawayama): Cho tam giac ABC noi
tiép duong tron (0). M e BC. Mot duong tron (O') tiép xic véi hai canh MA va MC tai
E va F dong thoi tiép xuc véi ca duong tron (0) tai K. Khi d6 ta ¢6 tam duong tron noi
tiép cua tam giac ABC nam trén duong thang EF.

Dinh Iy Pascal: Cho 6 diém A, B, C, D, E, F cuing thugc mot dudng tron. Khi do cac giao
diém cua cac cap canh AB va DE, BC va EF, CD va FA thang hang.

Phuong phap 6:

Pinh Iy CEVA: Cho tam giac ABC. Ly céac diém
D, E va F lan luot nim trén cac canh BC, AC, AB.

Dinh Iy phét biéu rang cac duong thang AD, BE va
CF Ia nhitg duong thang dong quy khi va chi khi:

AF BD CE _

FB DC EA

2. Bai tap ap dung:



Bai tap 1: Cho tam gidc ABC dyng tam giac déu MAB, NBC, PAC thudc mién ngoai
tam gidc ABC. Chang minh rang:

a) MC = NA =PB

b) (AM,MC) - (MC,BP) - (BPNA) - 60°
¢) MC, NA, PB ddng quy

Chang minh

a) Xét A ABN va A MBC, c6:

AB = MB,;

BC = BN (céc canh cua tam giac déu)
ABN = MBC (cung bang 60° + ABC)
Suy ra A ABN = A MBC (c.g.c)

Suyra AN=MC @)
Tuong tu: A ABP =A AMC (c.g.c) N
AB = AM;

BC = BN (cac canh cua tam giac déu)

BAP=MAC (clng bang 60° + BAC)

Suy ra BP = MC (**)
Tir (*) va (**) ta c6: AN=MC=BP (dpcm).
b)

Trong A APC, c6: A, +C,+B +P,=180°ma B=C,P=C
Trong A PCK, cé: C,+C, +P, +K, =180°

Suy ra 60° +(C, + P, )+ K, =180" = K, =60° (1)
Tuong tu: A ABN =A MBC

Suyra N,=C, ma N, +N, =60

Suyra N,+C,=60" ma C, =60°

Suyra ANKC ¢6 N,+C,+C,+K,=180°0

Suyra K, =60 (2)

Tuong tu: A ACN = A PCB



Suyra P,=A, md P.+P, =60

Suyra P+A,=60"ma A, =60°

Suy ra Trong A AKP, cé: K, =60° (3)

T (1), (2), (3) ta c6 diéu phai ching minh

¢) Gia st MCNBP=K, ta chizng minh cho A, K, N thang hang.

Theo chung minh trén ta c6: K, =60°,K, =60°,K, =60° = K, +K, + K, =180°
Suy ra A,K,N thing hang

Vay AN, MC, BP dong quy (dpcm)

Bai tap 2: Cho hinh binh hanh ABCD. Trén AB va CD lay 2 diém E va F sao cho AE =
CF. Trén AD va BC lay H va G sao cho DH = BG.

a) Chang minh: Ta giac EGFH 1a hinh binh
hanh

b) Chitng minh: AC, BD, EF, GH cit nhau tai
1 diém.

A E B

Chang minh

a) Xét A DHF va A BGE, ta co:

DH =BG

HDF = GBE (vi ABCD Ia hinh binh hanh)

DF = BE (vi AE = CF)

Suy ra A DHF = A BGE

SuyraHF = EG (1)
Mat khéc, ta co:

DHG=BGH va DHF=BGE = FCG=EGH (2)
Tur (1), (2) suy ra: T gidc EGFH Ia hinh binh hanh.

b) (Theo céu a)

Suy ra tir gidc EGFH la hinh binh hanh

Goi I 1a giao diém cua 2 dudng chéo HG va EF (cua hinh binh hanh EGFH)
Ta lai ¢6: Tt gidc AGCH la hinh binh hanh (AH // CG va AH = CG)

Suy ra giao cua 2 dudng chéo HG va AC 13 I (I trung diém HG)



Tuong tu, ta c6: Hinh binh hanh HBGD ¢6 giao diém cua 2 duong chéo la HG va BD tai
I (I 14 trung diém HG)

Suy ra HG, EF, AC, BD cit nhau tai diém I (ciing 1a diém duy nhat).

Bai tap 3: Cho hai duong thang di va d, cat nhau tai O. Trén di lan lugt liy ba diém phan
biét A, B, C khac O sao cho OA = AB = BC. Trén d; lan luot ldy ba diém E, M, N khac
O sao cho OE = OM = MN. Chttng minh rang ba duong thang AE, BN va CM dong quy.

Chang minh
Goi D 1a giao diém caa BN va CM.

Qua M ké duong thing song song
v6i OC cit BC tai F.

Qua O ké dudng thang song song
véi BN cit MF tai G.

Xét A FBO va A OGF, ta cé:
BOF = GFO(so le trong)
OF la canh chung

BFO = GOF(so le trong)

Suy ra A FBO = A OGF (g-c-Q).
SuyraFG =BO (1)
Xét ANFM va A OGM, ta co:

GOM = FNM
MO = MN

OMG = NMF (dbi dinh)

Suy ra A NFM = A OGM.

Suy ra MF = MG 2)

Tu (1) va (2), suy ra: MF = OA = AB = BC.

Str dung két qua vira tim duoc nay két hop:
DCB=DMF (so le trong) va DBC=DFM (so le trong)
Suy ra: A DBC = A DFM (g-c-g).



Do d6: DC = DM
hay D 1a trung diém cia CM  (3)
Xét A CEM, ta co:

CO Ia trung tuyén tng véi canh ME (do OE = OM) nén CA =§CO

Suy ra A la trong tdm cua A CEM.

Suy ra AE di qua trung diém cua canh CM. (4)
Tu (3) va (4), tasuy ra AE di qua D.

Viy BN,CM va AE dong quy tai D.

Bai tap 4: Cho A ABC, cac dudng cao AD, BE, CF cua tam giac dong quy tai H. Goi | 1a
trung diém cia HC.

a) Chung minh BCEF la tr giac noi tiép.

b) Chirtng minh rang H 1a tam duong tron noi tiép A DEF va DIEF 1a ti giac noi tiép 1
duong tron.

c) Vé phia ngoai A ABC dung cic A ABM va A CAN sao cho ching 14 cac tam giac
vudng can tai cac dinh B va C twong (ng. Chiring minh rang cac duong thang AD, BN,
CM ddng quy.

Chirng minh
a) HS tu lam.
b) Ta dé dang chiang minh dugc céc tir giac AEHF, AEDB ndi tiép trong duong tron.
Khi do, ta co:

FAH =FEH (cung chan
FH) va FAH=BAD
BAD = BED (cling chin
BD) va BED=HED
Suy ra FEH = HED

Suy ra HE la tia phén giac v
cua FED.

Tuong tu, ta co:
HF la tia phan giac cua
EFD.

HD la tia phan giac cua EDF.



Suy ra H 1a giao diém cua 3 dudng phan giéc trong cua A DEF.
Vay H Ia thm cua duong trong noi tiép A DEF.
* Theo chirng minh ¢ trén, ta co:
FED = 2FAD va FAD =FCD (HS tu ching minh tir giac ACDF ndi tiép)
HID =2FCD (g6c ngoai bang tong cua 2 gdc trong khong ké)
Suy ra FED =2FAD =2FCD=HID=FID
Hay FED=FID
Suy ra t& giac EIDF noi tiép.
c) Trén tia di tia AD, lay T sao cho AT = BC.
MBC = 90° + ABC = TAB
Suy ra
AMBC=ABAT(c-g-c¢)
Suy ra BTD =BCM
Suy ra CM 1 TB
Tuong tu, ta c6: BN 1 TC.
Ma TD L BC
Viy TD, CM, BN ddng quy (3 dudng cao caa A TBC)

Bai tap 5: Cho tu gidc ABCD, AD, BC khdng song song, ndi tiép duang tron (0). P 1a
giao diém cua AC va BD. Buong tron (Ox) tiép xlc véi cac doan PA, PB va tiép xuc
trong vai (O) tai E. Buong tron (O2) tiép xdc véi cac doan PC, PD va tiép xUc trong voi
(O) tai F. Chuang minh rang AD, BC, EF dong quy.

Chang minh
Gia sur (O) tiép xtc PB, PC tai X, Y va tiép xtc (O) tai F.

Theo bd dé Sawayama (dinh I Lyness mé rong) ta c6 XY di qua H, K (v6i H,K 1a tam
ndi tiép cac A ADC, A BDC.

Goi Z, T 1a giao diém cta HK trén AD, BC. Goi M, N, P, Q 1a trung diém céc cung AD,
BD, AC, BC cua (O). Vi (02) tiép xiic AC, BD nén F, X, N va F, Y, P thiang hang.

Ta s& chang minh: M, Z, F thang hang.

That vay: Goi Z' 1 giao cia FM va AD. AN giao BM tai S. Goi R 1 trung diém cung
CD.

Theo dinh i Pascan cho luc giac MENADB ta c6 S, Z', X thiang hang.



Tiép tuc voi luc gidc NARBMC ta c6 H, K, S thang hang.

Ma H, K, X thang hang, nén ta c¢6 Z', X, H, K thang hang hay Z' tring Z.
Tuong tu, ta co: F, T, Q thang hang.

Goi (03) 1a duong tron tiép xtc AD, BC va tiép xtc (O) tai cung nho DC.
Ta s€ chung minh (O3) 1a (ZFT).

That vay, goi Z", T" la tiép diém trén AD, BC cua (Os) thi theo b6 dé Sawayama, ta ciing
c6 Z", T", H, K thiang hang hay Z", T" tring Z, T.

Ma MZ va NT cét nhau tai F nén ta c6 ngay ZFT chinh I (Os).

Tir d6, ta quy bai toan vé phat biéu don gian hon nhu sau: (O3) tiép xic AD, BC va tiép
xuc cung nho CD tai F.

Tuong tu cO E.
Khi d¢6 AD, BC, EF ddng quy.
Bai tap 6: Chirng minh dua vao dinh ly CEVA.

Dinh ly CEVA: Cho tam gi4c ABC. Ly cac diém D, E va F lan lugt nam trén cac canh
BC, AC, AB.

Dinh ly phét biéu rang cac duong thang AD, BE va CF 14 nhimng duong thang dong quy
khi va chi khi:

AF BD CE _,

FB DC EA
Chang minh

Gia sir AD, BE va CF d6ng qui tai mot diém O nao d6 (trong hay ngoai tam giac). Do A
BOD va A COD c¢6 chung chiéu cao (d6 dai cua duong cao), ta co:

Seop _ BD
SCOD DC
Tuong tu
Sep _ BD
Sap DC
Suyra

BD — Seap ~Shop — Saeo
DC Scap =Seor o

Tuong tu

CE _ So
EA SABo




va

AF _ Seo
FB Sio

Nhén ba dang thic trén cho ta:

AF BD CE _; (diéu phai ching minh).
FB DC EA

Nguoc lai, gia st ring ta dd c6 nhitng diém D, E va F thoa man dang thic. Goi giao diém
cua AD va BE la O, va goi giao diém cia CO va AB la F'. Theo ching minh trén

AF' BD CE _1

F'B'DC EA

K&t hop véi ding thc trén, ta nhan duoc: 25 _ AF
FB FB

Thém 1 vao mdi vé va chi y rang AF" + F'B = AF + FB = AB, ta co:

AB _AB
F'B FB

Do d6 F'B = FB, vay F va F" triing nhau . Vi vay AD, BE va CF = CF" dong qui tai O,
va dinh li dd dugc ching minh (1a ding theo ca hai chiéu).

3. Bai tap tu luyén:

Bai tap 1: Cho tam gidc ABC dung cac tam giac déu MAB, NBC, PAC thuoc mién ngoai
tam giac ABC. Ching minh MC, NA, PB dong quy.

Bai tap 2: Cho tam gidc ABC dung cac tam giac déu MAB, NBC, PAC va c6 tam lan
luot 12 O1, Oz, O3. Ching minh cac duong tron ngoai tiép 3 tam giac déu trén déu dong
quy tai mot diém.

Bai tap 3: Goi A", B', C' la tiép diém cua duong tron noi tiép A ABC véi cac canh BC,
CA, AB.

Chuang minh rang: AA', BB', CC' dong quy.
Hudéng dan
Churng minh

AB BC CA_1 . AA', BB, CC ddng quy
A'C BBA C'B

Bai tap 4: Cho hinh thang ABCD (AB > CD). Goi E 1a giao diém hai canh bén AD va
BC:; F 1a trung diém caa AB. Chang minh rang: AC, BD, CF dong quy.

Bai tap 5: Cho tam giac nhon ABC. Cac dudng cao AH, BK, CL cit nhau tai I. Goi D, E,
F lan luot 13 trung diém cua BC, CA, AB. Goi P, Q, R lan luot 1a trung diém cua IA, 1B,
IC. Ching minh PD, QE, RF ddng quy. Goi J 1a diém dong quy, chirng minh I 1 trung
diém cua mdi duong.



Huéng dan

Chang minh PEDQ, PRDF la hinh chir nhat

Suy ra PD, QE, RF la duong chéo cua 2 hinh chir nhat do

Suy ra diéu phai chitng minh.

Bai tap 6: Cho A ABC ni tiép duong tron (O) va cé H la truc tam. Goi A', B!, C' 1 diém
doi xurng cua H qua BC, CA, AB. Qua H, vé duong thang d pat ki. Chang minr) rang:
Cac duong thang doi xirng cua d qua cac canh cua A ABC dong quy tai mot diém trén
(©).

Hudng dan

Goi d1, dz, d3 12 cac dudng thang dbi xang cua d qua céc canh cia A ABC.

Goi | la giao cua di va d2

Chung minh ti giac A'B'C'l 1a tt giac noi tiép. Suy ra A'B'C'l 1a ndi tiép (O).

Chtrng minh | thuéc ds.

CHUU NEA 12
BA NIEAM THAUNG HAGNG
1. Kién thuc co ban:
Phuong phap 1:

Tién dé O’clit: Qua mdt diém A nam ngoai dudng thang a ké dugc duy nhat mot duong
thang song song vdi a.

Hé qua: Qua mot diém A nam ngoai duong thang a ké duoc duy nhat mot duong thang
vuodng goc Vi a.

Phuong phéap 2: Chtiing minh qua mét diém c6 hai duong thang vudng goc vai 1 duong
thang cho trudc tai diém do.

Phuong phap 3: Chirng minh téng hai goc bang 180° (sir dung tir giac nai tiép, cac goc
bang nhau...).

Phuong phap 4: Sir dung tinh chat d6ng quy ciia ba dudng cao, phan giéc, trung truc,
trung tuyén...

Phuong phap 5: Chirng minh diém AM + MB = AB thi A thudc doan thang BC. Suy ra
A, B, C thang hang.

Phuong phéap 7: Dung tinh chat duong trung truc: Chimg minh cac diém cach déu hai
dau mat cia mot doan thang cho trude thi déu nam trén mot duong thang.

Phuong phép 8: Dung tinh chét tia phan giac: Ching minh 3 diém dé cung cach déu hai
canh cua mot goéc.



Phuong phép 9: Sir dung tinh chat duong chéo cua cac tir giac dic biét.
Phuong phap 10: Str dung tinh chat duong kinh va day cung caa duong tron.

Phuong phap 11: St dung tinh chit hai dudng tron tiép xtc nhau. Poan thang ndi hai tam
cua hai dudng trong va tiép tuyén chung thi vudng gdc véi nhau.

2. Bai tap ap dung:

Bai tap 1: Cho A ABC véi hai trung tuyén BD va CE. Goi M va N theo tht tu thudc cac
tia d6i cua cac tia EC va DB sao cho EC = EM va DB = DN. Chttng minh rang A, M, N
thang hang.

N
Giai b A .
T gidc AMBC c6:
EA = EB,
EM = EC (gt)
Nén la hinh binh hanh.

Suyra: AM /I BC Q)

Chung minh tuong ty, ta co:
AN // BC (2)
Tir (1) va (2) suy ra ba diém A, M, N thang hang (tién dé Ocolit).

Bai tap 2: Cho hinh chir nhat ABCD (AB < CD), ¢6 O la giao diém cua hai duong chéo.
Trén tia ddi cua tia CD lay diém E sao cho CE = CD. Goi F 14 hinh chiéu cua caa D trén
BE; I 1a giao diém cua AB va CF; K 1a giao diém ctia AF va BC. Chizng minh rang ba
diém O, K, I thang hang.

Giai

ABCD la hinh chix nhat nén:
AB=CD,AC=BDvaOA=0B=0C=0D.

Ta c6 CB L AI (vi ABCD 1a hinh chit nhat)

Suy ra CB la duong cao cua A CAI (1)



A FBD vuéng tai F (vi F I hinh chiéu cua D 1én A D
BE) co:

FO I trung tuyén @ng véi canh huyén BD nén

K
OF:%BD B c

Suyra OF=%AC

A FAC c6 FO 1a dudng trung tuyén tng véi canh ' E
AC.

Ma OF:%AC nén A FAC vuéng tai F.

Suy ra AF - CI hay AF 1a duong cao cia A CAL  (2)

K 1a giao diém cua AF va CB nén tir (1) va (2), suy ra K la tryc tdm cua A CAI
Do d6 IK L AC (3)

Mat khac, tir giac ABEC co:

AB = CE (cung biang CD) va AB // CE (vi AB // CD) nén la hinh binh hanh
Suy ra BE // AC suy ra BF // AC suy ra ABFC la hinh thang.

Lai c6 A FDE vudng tai F, FC 14 trung tuyén tng véi canh DE (vi CD = CE) nén CF =
CD suy ra CF = AB (vi AB = CD).

Suy ra A BAC = A FCA (canh huyén — canh gdc vuong)
Suy ra AF = BC.
Hinh thang ABFC c¢6 hai duong chéo AF va BC bang nhau nén 12 hinh thang can.

Suy ra: IAC=ICA = AIACcan tai |

Suy ra 10 1a trung tuyén dong thoi 1a duong cao.

Hay I0 L AC 4)

Tir (3) va (4) suy ra |, K, O thang hang (dpcm).

Bai tap 3: Cho tu gidc ABCD. Goi M, | va N theo thir ty 14 trung diém cua AB, AC va
AD+BC 44} M, 1, N thing hang va ABCD tré thanh

CD. Chitng minh rang néu MN =

hinh thang.



Giai "

Gia su: MN=AD+BC A

Vi MA = MB, IA =IC nén MI la duong trung binh

cua tam giac ABC.

Suy ra: M1 // BC va MI=%BC p* w

Chéng minh tuong tu ta c6: IN // AD VA IN = %AD

Ma MN:AD;BC:%BC+%ADhay MN = MI + IN.

Tir d6 suy ra I nam gitra M va N, hay M, I, N thang hang.
Luc do, ta c6: BC // AD vi cung song song voi MN.

Do d6 ABCD tr¢ thanh hinh thang.

AD+BC

Vay néu MN = thi M, 1, N thang hang va ABCD trg thanh hinh thang.

Bai tap 4: Puong tron tim O va duong tron tim O’ cat
nhau tai A va B.

Goi C, D lan lugt d6i xitng voi B qua O va O’. Chiing
minh rang C, A, D thang hang.

Giai
Vi C d6i xttng véi B qua O nén O 1a trung diém cua BC.
SuyraBC la

duong kinh cua (0). Tacé OA=0B=0C = %BC nén

tam giac ABC vudng tai A

Suy ra BAC =90
Chlrng minh tuong tu ta c6: BAD =90°.
Do d6 C, A, D thang hang.




Bai tap 5: Cho hinh binh hanh ABCD. Goi O 1a giao diém cuia hai duong chéo; E 1a diém
di xirng cua A qua B; F 1a giao

diém cua BC va ED; G 1a giao A B E
diém cua BC va OE; H la giao ”

diém cua EC va OF. Chirng minh

rang A, G, H thing hang.

Giai D¢ C

Vi O 1a giao diém cua hai duong
chéo AC va BD nén OA=0C

suy ra EO 14 trung tuyén cua A EAC.

E d6i xing V6i A qua B nén B 1a trung diém cua EA.

Suy ra CB la trung tuyén cua A EAC.

G 1a giao diém cua CB va EO nén G la trong tdm cua A EAC (1)

Mat khac, ABCD la hinh binh hanh nén CD // AB, CD = AB

Ma B 1a trung diém caa AE nén suy ra CD // BE, CD = BE.

Do d6 tir gidc BECD la hinh binh hanh.

Tir d6 F 1a trung diém cua hai duong chéo ED va BC cua hinh binh hanh BECD.

Ta c6 OF la duong trung binh cia A CAB nén OF // AB suy ra OH // AE suy ra HE =
HC.

Do d6 AH la trung tuyén ciia A EAC (2)
Tir (1) va (2) suy ra A, G, H thang hang (dpcm).

Bai tap 6: Cho hinh binh hanh ABCD. Trén duong chéo BD lay hai diém E va F sao cho
BE = DF. K¢ EH-L AB, FK L CD (H € AB, K e CD). Goi O 1a trung diém cua EF.
Chuang minh rang ba diém H, O, K thang hang.

Gial

ViEH-L AB, FK L CD va AB // CD nén EH // FK (1)

Xét A HBE va A KDF ¢6 BE = DF, KDF = HBE, DKF = BHE = 90°

Suy ra A HBE = A KDF (canh huyén — g6c nhon)

Suy ra HE = KF 2

Tir (1) va (2) suy ra HEKF Ia hinh binh hanh A H

Suy ra trung diém cua EF ciing 1a trung diém cua
HK.

Vay E, H, K thang hang (dpcm).

De % o



Bai tap 7: Cho ttr giac ABCD. Cac dudng thang AB va CD cit nhau tai M, cac duong
thiang AD va BC cit nhau tai N. Goi I, J, K theo thir t 1a trung diém caa BD, AC, MN.
Chung minh rang |, J, K thiang hang.

Gial
Goi K’ 1a giao diém cua 1J voi MN.

Goi E, F lan luot 1a chan dudng vudng goc ké tir N, M téi duong thang 1J.
D& thidy M, N nam vé hai phia caa IJ.

Taco: S, =S ~Swo ~Swe ~Sia ~Seo

1 1
SNlJ = Sch - E SNBD SNAC AIC E SCBD
1 1
S\MJ = S\IDC S\IBD ABD 2 SABC - E (SADC ADIC) SCBD

1 1 1
Sus = Saseo _E( ABD SBCD) Sagco E(SABC + SADC) = ZSABCD

Chtng minh tuong ty ta co: S, , = i ABCD

Do d6 S, =S,, hay

%NF.IJ:%ME.IJ: ME = NF = Sy, = Sy

Hai A NKJ va A MKJ c6 chung chiéu cao ha tur J.

Suy ra: NK’ = MK". m b
Ma MK = NK (gia thiét) nén K = K’. K
Viy ba diém I, J, K thang hang. N

Bai tap 8: Ba diém A, B, C cuing thudc duong thang a, diém O khong thudc a. Chitng
minh rang néu ba diém M, N, P théa man hé thic OM

OM _ON _OP thi M, N, P thang hang. 2
OA OB OC
Gial
That vay, theo dinh li Talet dao thi tur oM _ON o
OA OB

Suy ra: MN // AB.
Tuong tu MP // AC.
Nhung A, B, C thang hang nén M, N, P thang hang (tién dé Ocolit).



Bai tap 9 (B6 dé hinh thang): Trong hinh thang c6 hai ddy khong bang nhau. Ching
minh ring giao diém cua hai duong thang chira hai canh bén, giao diém cua hai duong
chéo va trung diém cua hai day nam trén cung mot duong thang.

Gial
Gia str hinh thang da cho 1a ABCD (AB // CD, AB<CD)co6 1,

tuong tng 13 giao diém cua hai duong thang chta |
hai canh va cua

hai duong chéo. A B
Goi M va N lan luot 13 giao diém cua 1J véi AB va
CD.
Do AB // CD nén ap dung h¢ qua cua dinh li Talet c
ta co: . .
MZ%(ZMJ va M:%(:Mj hay
DN CN IN CN DN\ JN
AM :%(: Mj
DN CN{ IN

Bai tap 10: Trén mat phang cho n diém (n > 3) va bét ki duong thang nao di qua hai
trong nhitng diém d6 déu chra mot diém di cho. Chung minh rang tat ca cac diém da cho
cling nam trén mot duong thang.

Giai
Gia sir tat ca cac diém khdng cung nam trén mot duong thang. Qua mdi cap diém di cho

vé mot dudng thang (cd mot sb hiru han dudng nay) va chon khoang cach khac 0 tir cac
diém da cho dén cac duong thang nay.

Gia sir khoang céch tir diém A dén duong thang BC, trong d6
A, B, C 1a cac diém di cho 1a khoang cach nho nhat.

Trén duong thang BC con ¢ mot diém D nao do. ,
Tu A ké AQ vudng goc véi BC tai Q.

Hai trong cac diém B, C, D nam cung mot phia ddi
véi diém Q, chiang han C va D nhu hinh v&, khi d6
tacd CQ <DQ.

Ha CH vudng géc véi AD tai H.
D& thdy CH < AQ. Piéu ndy mau thuan véi viéc chon diém A va duong thang BC.

Tir d6 ta c6 diéu phai chang minh.



Bai tap 11 (Pinh Iy MENELAUS): La mét dinh ly vé cac tam giac trong hinh hoc phang.
Cho tam giac ABC. Cac diém H, F, G lan luot nam trén AB, BC, CA. Khi d6: G, H, F
AH BF CG

thang hang khi va chi khi: 2= == =21
HB FC GA C
Chang minh .
Phan thuan: F
Str dung dinh ly sin trong cac tam giac AGH ,
BFH, CGF, ta duoc: N >— o H

AH sSnAGH BF sinBHF CG sinGFC,
GA sSnAHG HB snHFB FC snCGF'

(véi luu § rang SNAGH =sinCGF;SinAHG =sinBHF;sinHFB =sinGFC)
Nhan tiring vé ta duge diéu phai chitng minh .

Phén déo:

Goi F'=GHNBC

Tuong tu ta c6 dugc:

AH BF' CG _AH BF CG(__)
HB'F'C'GA HB' FC' GAX 7

BF' BF
Hay —=—— suyra F=F'
yF'C FC' y

Bai tap 1: Cho AABC, dudng cao AH. Trén ntra mat phang bo AB khéng chira diém C
dung hinh vuéng ABDE ; trén nira mat phang bo AC khong chira diém B dyng hinh
vuéng ACMN. Dung hinh binh hanh AEIG. Goi K 1 giao diém cua CD va BM. Chiing
minh rang bén diém I, A, K, H thang hang.

Bai tap 2: Trén cac canh AB, BC, CD, DA cua hinh vuéng ABCD ta lay lan luot cac
diém M, N, P, Q sao cho AM = BN = CP = DQ. Goi O 14 giao diém cua hai duong chéo.
Chuang minh rang M, O, P thang hang.

Bai tap 3: Cho gdc vudng xAy. Mot diém B ¢ dinh trén Ax, con mot diém C chuyén
dong trén Ay. Puong tron noi tiép tam giac ABC tiép xdc véi cac canh AB va AC lan
luot & M va N. Chirng minh rang MN luén di qua mot diém ¢ dinh khi diém C chuyén
dong trén Ay.

Bai tap 4: Trong hinh vuéng ABCD lay diém E sao cho EBC=ECB=15". Trén nira mat
phang bo CD khoéng chira diém E vé tam giac déu CDF. Chirng minh rang B, E, F thang
hang.

Bai tap 5: Cho hinh thang ABCD, day 16n AB. Puong thang ké tir C song song véi AD
cat BD va AB lan luot tai E va F. Duong thang ké tir D song song véi BC cat AC va AB
lan luot tai P va Q.



Chtring minh riang bén diém M, N, P, Q thang hang.

Bai tap 6:Trén mot duong thang iy bbn diém theo thr tu 14 A, E, F, B. Dung céc hinh
vubéng ABCD, EFGH sao cho chiing nam ciing & mét nira mat phang bo 1a duong thang
d3 cho. Goi O 1a giao diém cua AG va BH. Chitng minh rang :

a) C, O, E thang hang.
b) D, O, F thing hang.

Bai tap 7: Cho hinh binh hanh ABCD. Trén canh BC lay diém E. Ly diém F diém déi
xang véi C qua E. Tir diém F ké Fx va Fy lan luot song song véi AD va AB. Goi | 1a
giao diém cua Fx va AB ; K 1a giao diém cua FI va AD. Chitng minh rang I, K, E thing
hang.

Bai tap 8: Cho AABC vudng tai A, canh huyén BC = 2AB. Trén canh AC lay diém D sao
cho ABD = %ABC; trén canh AB l4y diém E sao cho ACE= %ACB. Goi F 1a giao diém
cua BD va CE; G va H theo thtr ty 1a cac diém d6i xting cua F qua cac canh BC va AC.
Chtring minh rang:

a) Ba diém H, D, G thang hang.
b) Tam giac EDF can.

Bai tap 9: Cho gdc vudng xOy tam giac. M thudc Ox; A, B thuoc Oy. Puong thang di
qua A va vudng goc véi AM cit duong thang di qua B va vudng goc véi BM tai P. Goi H
1a giao diém cua AP véi MB; K 1a giao diém cua AM véi BP; 1, K, E lan luot 14 trung
diém ciia MP, AB va KH. Chang minh rang I, E, N thang hang.

Bai tap 10: Cho hinh vudng EFGH. Mot gbc vudng xEy quay quanh dinh E ¢ canh Ex
cit FG va GH theo tht tu tai M va N, con canh Ey cit cac duong FG va GH theo thir tu
ta P va Q. Goi | va K theo thiz tu 14 trung diém cua PN va QM. Chang minh rang bén
diém F, H, K, | thang hang.

Bai tap 11: Cho tir gidc ABCD va mét diém O nam bén trong tir giac sao cho cac tam
giac ABO, BCO, CDO, DAO c6 dién tich bang nhau. Chting minh rang hoic ba diém A,
0, C thang hang, hoic ba diém B, O, D thang hang.

Bai tap 12: Cho A ABC c6 ba gdc nhon, cac dudng cao BD va CE. Goi I 1a diém thuoc
doan BC; H 1a giao diém cua BD va CE; N thudc doan AH ; M thudc doan DE. Chiing
minh rang M, I, N thang hang.

Bai tap 13: Cho hinh vudng EFGH. Mot goc vuong Exy quay quanh dinh E. Canh Ex cat
cac duong thang FG va GH theo thir tu tai M va N; canh Ey cét cac duong thang FG va
GH theo thir tu ¢ P va Q. Goi | va K theo thir ty 1a trung diém ciia PN va QM. Chiing
minh ring 4 diém F, H, K, | thang

hang.

Bai tap 14: Cho xOy =90°. L4y diém M thudc Ox, A va B ciing thuoc Oy. Pudng thang
di qua A va vudng goc véi AM cat duong thang di qua B va vudng goc voi BM tai P.



Goi H 1a giao diém caa AP va MB; K 1a giao diém cia AM va BP; I, E, N lan luot Ia
trung diém ciaa MP, AB va KH. Chiing

minh rang I, E, N thang hang.
BAGI TAAP TOANG HOIP KIEAN THOUC

Bai tap 1: Cho A ABC c6 cac dudng cao BD va CE.Buong thang DE cét duong tron
ngoai tiép tam giéc tai hai diém M va N.

a) Chung minh: Ta giac BEDC nai tiép.
b) Chirng minh: DEA = ACB
¢) Chtrng minh: DE song song Vi tiép tuyén tai A caa duong tron ngoai tiép tam giéc.

d) Goi O 1a tam duong tron ngoai tiép tam giac ABC. Chung minh: OA 14 phan giac caa
goc MAN

e) Chirng to: AM? = AE.AB.

Bai tap 2: Cho duong tron (O), duong kinh AC. Trén doan OC ldy diém B va vé duong
tron (0”), duong kinh BC. Goi M 14 trung diém cua doan AB. Tir M vé& day cung DE L
AB; DC cit dudng tron (0°) tai I.

a) T giac ADBE la hinh gi?

b) Chtrtng minh: Tu giac DMBI noi tiép.

¢) Chirng minh: Ba diém B; I; C thang hang va MI = MD.
d) Chang minh: MC.DB = MI.DC.

e) Chung minh: MI 14 tiép tuyén cua duong tron (O).

Bai tap 3: Cho A ABC c6 goc A = 90°. Trén AC lay diém M sao cho AM < MC. V&
duong tron (0), dudng kinh CM. Puong thang BM cit (O) tai D. Kéo dai AD cit (O) tai
S.

a) Chung minh: Ta giac BADC ni tiép.
b) Ké BC cit (O) tai E. Ching minh rang: MR 1a phan giac cua A AED.
c) Chang minh: CA la phén giéac cua goc BCS.

Bai tap 4: Cho A ABC c6 goc A = 90°. Trén canh AC lay diém M sao cho AM > MC.
Dung dudng tron (O) dudng kinh MC. Puong tron nay cit BC tai E. Puong thang BM
cat (O) tai D va duong thang AD cit (O) tai S.

a) Ching minh: Tw giac ADCB noi tiép.
b) Chtng minh: ME la phéan giac cia AED.
c) Ching minh: G6c ASM = ACD.

d) Chang to ME la phan giac cia AED.



e) Ching minh: Ba duong thang BA; EM; CD dong quy.

Bai tap 5: Cho tam giac ABC c6 3 goc nhon va AB < AC ndi tiép trong duong tron tam
O. K¢ duong cao AD va duong kinh AA’. Goi E; F theo thir ty 1a chan dudng vudng goc
ké tir B va C xubng duong kinh AA”.

a) Chung minh: T giac AEDB noi tiép.

b) Ching minh: DB.A’A = AD.A’C.

¢) Chting minh: DE L AC.

d) Goi M 1 trung diém BC. Chitng minh: MD = ME = MF.



